Can backscattering off an impurity enhance the current? 
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It is well known that while forward scattering has no effect on the conductance of one-dimensional 
systems, backscattering off a static impurity suppresses the current. We study the effect of a time- 
I dependent point impurity on the conductance of a one-channel quantum wire. At strong repulsive 

interaction (Luttinger liquid parameter g < 1/2), backscattering renders the conductance greater 
^ ^ than its value e^//i in the absence of the impurity. A possible experimental realization of our model 

, is a constricted Hall bar at fractional filling factors u = l/(2n -I- 1) with a time-dependent voltage 

■ at the constriction. 

oo 

^ ; 73.63.Nm, 73.43.Cd, 73.43.Jn 

There are several motivations to study one-dimensional (ID) quantum conductors. Quantum wires are expected 
to be an essential component of future nanoelectronic devices . The analogy between ID electron liquid and edge 
states of the 2D electron gas is conducive to the understanding of the Quantum Hall effect ||] . There are also many 
other related systems such as vortex lines in type-II superconductors From the theoretical point of view ID 
^ ■ conductors are the simplest non-Fermi-liquid systems. Probably, the most appealing consequence of non-Fermi-liquid 
behavior is the existence of fractionally charged quasiparticles, recently observed in experiments on Quantum Hall 
^ ■ systems Since the experimental setup was based on a realization of ID quantum wire with an impurity, the latter 
"j^ I problem has received considerable renewed attention. 

■ The effect of an impurity on a gas of noninteracting electrons is evident. It leads to backscattering, hence to 
I ^ suppression of the current. Qualitatively the same happens in the case of a static impurity in the presence of 

■ O • electron-electron interaction too. However, in that case the effect turns out to be counterintuitively strong. Even an 
5 ' arbitrarily weak impurity renders the conductance of a long wire equal to zero, thus effectively cutting the wire into 
two independent pieces This is yet another manifestation of strong correlations in a non- Fermi- liquid state. 

While recent activity has focused primarily on the problem of static impurities, it is also interesting to understand 
what happens if the impurity potential depends on time. This question touches upon the problem of pumping |^ 
and the effect of phonon pulses in ID conductors ||]. Recent works jlOj consider the effect of a time-dependent 
. impurity on Fermi-liquid states. Much less attention was devoted to the interplay between a time-dependent impurity 

■ and non- Fermi- liquid effects ]ri[ |. In this Letter we study the simplest question of this type: how a weak, point-like 
l/^ i impurity whose potential depends on time affects the conductance of a quantum wire with a repulsive electron-electron 

] interaction. In the absence of interaction the answer would be obvious. The impurity would decrease the current, the 

: suppression of the current depending on the strength of the impurity potential. Surprisingly, for interacting systems 

^ the time-dependent backscattering impurity can enhance the conductance. This is the main result of the present 

^ . Letter. Such enhancement takes place as the interaction strength exceeds a threshold value. In terms of the Luttinger 

' liquid parameter g the threshold is g — 1/2. 

^ . Let us first discuss the origin of the effect qualitatively. While a purely qualitative discussion is insufficient to 

I ' explain the threshold value g = 1/2, we show below that our effect can be derived heuristically from a simple analysis 
of the structure of the Hamiltonian. Our detailed analysis yields quantitative results concerning the weak impurity 
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Q limit and is based on the bosonization technique |12|. 

Q . Using the analogy between a quantum wire and edge states of the 2D electron gas Q , we interpret backscattering 
^ ' off a weak impurity as tunneling between two chiral systems of right- and left-movers. The tunneling density of 
• i-H , states diverges as the energy approaches the Fermi energy . In other words, backscattering is enhanced in the two 
following cases: 1) the energy of the incident particle is close to the Fermi energy of the electrons moving in the same 
direction; 2) the energy of the backscattered particle is close to the Fermi energy of the electrons which move in the 
direction opposite to that of the incident particle. The left and right Fermi energies differ by the applied voltage V. 
These statements about the dependence of the backscattering amplitude on the energy do not hold for noninteracting 
electrons. In that case one should only note that scattering to an occupied state is impossible. The energy dependence 
is more pronounced for the stronger electron-electron interaction. 

Now we are in a position to consider a time-dependent impurity. Let us assume for simplicity that the time- 
dependent potential is harmonic, W{t) ~ U cosuit. Note, however, that the current enhancement is possible for a 
general periodic potential. In our qualitative discussion we consider the case huj > eV; huj ~ eV, where V is the 
voltage and e — —\e\ ~ the electron charge. In this case we predict particularly strong current enhancement. We 
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assume that the Fermi energy of the particles moving to the left is E'fl = and the Fermi energy of the right-movers 
- i^FR = 0. The scattering is inelastic. For small U only processes involving an emission (absorption) of a single 
quantum are allowed, hence the energy change is zLTiuj. There are four backscattering processes (Fig. 1) which we 
denote as , R^, where the letter shows the type of particles (left- or right-movers) and the +/— sign corresponds to 
increasing/decreasing the energy of the particle. The processes R~ and L~ are suppressed by the Pauli principle since 
they lead to the scattering into states which are below the Fermi energies, -Efl and i?FR respectively. The processes 
i+ and i?+ drive particles into states above the Fermi energy. However, only i?+ processes lead to the scattering of 
the particles with initial energy around ii^FR to final states with energy close to i?FL- As discussed above, for such 
particles the probability of backscattering is enhanced. On the other hand, L{R)^ processes are effective for particles 
with energies E in the interval i?FL(FR) > E > £'fr(fl) — where i?FL > -Efr (cf. Fig. 1). Hence the number of 
left-moving particles which potentially can be subject to strong L+ backscattering processes exceeds the number of 
right-movers which potentially are subject to R^ processes As the electron-electron interaction increases, i?+ 

becomes more important. At some threshold the latter begins to provide the main contribution to the backscattering 
current, hence it determines its direction. Since this process modifies right-movers to left-movers, such backscattering 
enhances the current. Thus, paradoxically, the scattering of particles backwards adds electrons to the forward flow. 

Below we provide a quantitative theory (valid for general V, uj) and briefly discuss a possible experimental realization 
of our model and the related problem of a Luttinger liquid affected by an external noise. 

We consider spinless electrons and concentrate first on the case of zero temperature. Our starting point is the 
Tomonaga-Luttinger model with a point impurity. The Hamiltonian reads 



where ipji and ipL are the fermionic field operators of the right- and left-moving electrons, vp is the Fermi velocity, 
W{t) the potential of the impurity located at the origin and K - the interaction strength. Below we set vp and 
h equal to unity. We assume that the right- and left-movers are injected from the leads with chemical potentials 
fiR = 0; = eV > 0. Note that in our notation /x^ is located on the right (Fig. 1). 

We follow the technical procedure developed in Ref. for a static impurity. First, we apply the inter- 
action representation such that the chemical potentials in both leads become zero. This transformation intro- 
duces time dependence into the tp^ operator and modifies the impurity contribution in Eq. (|l|) which now reads 
S{x)W{t){ipl{0)ipR{0) eiipiiujQt) + h.c), where ujq = eV . Next, we derive an expression for the current operator. 
The current includes the background contribution from the particles injected from the leads and the backscattering 
contribution associated with the impurity. The background contribution is equal to the current in the absence of the 
impurity. Since /i^ > 0, the background particle current (of particles with e < 0) flows to the left. The backscattering 
particle current can be defined [g^ as Ihs = dNL/dt = —dNn/dt, where Nl and Nr are the particle number operators. 
A positive value of the backscattering current corresponds to the enhancement of the background current. In terms 
of the '0-fields the backscattering current operator (in the interaction representation) is given by the equation 



Since W{t) ^ cos cot, one finds that there are two types of time-dependent terms in the Hamiltonian and the 
current operator: (i) terms proportional to exp(±i(a; + LUQ)t) and (ii) terms proportional to exp(±i(cj — cjo)^). If only 
terms of the first (second) type existed our problem would be equivalent to a static impurity in the presence of an 
external voltage drop Vi(2) — {ujQ±uj)/e. Hence, the backscattering current can be represented as Ihs — h+h +I12, 
where /1.2 denotes the backscattering current in the static problem with the voltage V1.2, and I12 is the 'interference' 
contribution. We will see that to the lowest order in the impurity potential the interference current I12 is ac, hence 
the dc-current is made of Ii and I2 only. Hence if one is interested in the averages over time t > 1/uj, the contribution 
I12 drops out. We know from Ref. |^ that Ii^2 ~ |^i.2p^~^, where g = yjirfivp / [ttTivf + SX) is the g-ology parameter 
of the Luttinger liquid. For g < 1/2 the exponent 2(7 — 1 is negative, hence the main contribution to /bs is l2- Thus 
the direction of the backscattering current is the same as in the static problem with a voltage V2 . At uj > loq the sign 
of this voltage is opposite to the sign of the applied voltage V . This shows that the backscattering current enhances 
the background one. 

In order to actually calculate the currents I^c = h + I2 and /ac = /12 we employ the bosonization transformation 
||2|,0. This leads to the action 




(1) 



iW{t){i^l{OyjR{0)exp(iLUot) - h.c). 



(2) 



L= dtdx — ((at$)2-(a,$)2)-5(x)VK(t)(e*v^*(*^"=")e''"°* + /i.c.) , 



(3) 
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where W{t) = U cos Lot and the bosonic field $ is related to the charge density as p = ^dx^/i'iT^)- The same 
action describes a quantum Hall bar with a (time-dependent) constriction |13|. In that case g is the filling factor 
g — l/(2n +1). The current operator reads 

/b, = -iiy(t)e*v^*(*'^=°)e*'^°* + h.c. (4) 
To find the backscattering current at the moment t we have to calculate the average 

{iUt)) = (0|5(-(»;t)/bs(t)5(i;-oo)|0), (5) 
where (0| denotes the ground state, 5 is the scattering matrix. To the lowest order in W 

5(^;-oo) = l-^ / dt'[W{t')e'^^^'' ^''='^^ e"^°'' + h.c.]; S{-oo;t) = S* {t; -oo). (6) 



Further calculations follow the standard route |17|] and show that the current includes a dc-contribution /jc and an 
ac-contribution /ac of frequency 2uj. We first discuss the more interesting dc-contribution. It has different forms at 
Lu > ujQ = eV and lu < loq (cf. Fig. 2) 

^dc = 7T7-^^r(l-25)r29sin27rg[(L^-c^o)'^"'-(c^ + ^o)'^"'], > ^oi (7) 



2ivFTcr 
2{vfTc) 



T{1^2g)T^3sin27rg[{uJo~u;y^-' + {LO + uJoy'-'], < uo, (8) 



where Tc ^ l/-EFcrmi is a short-time cutoff. While at 5 > 1/2 the current /dc < in both cases, at strong interaction, 
g < 1/2, the backscattering current becomes positive as uj > ujq. In other words, in the latter case it flows in the 
direction of the background current. In the limit ujq one finds a correction to the conductance (which would be 
equal to G = e'^/h in the absence of the impurity ||l^]). The correction 

AG=^(-^] {l-2g)co's-^T{l-2g)T!Ssin27rg (9) 

h'^ \VfTcJ 

is positive for g < 1/2. The generalization to the case when the time-dependent potential W{t) contains several 
harmonics is straightforward. 

The resuhs (0|) are obtained at zero temperature. As T > jw — wqI the expression for the current is modified. 
The effect of finite temperature can be determined with the Keldysh technique |ig| ]. At low temperatures uj + 
luq > T > \uj ~ luq\ the backscattering current is given as the sum of two terms, proportional to (cj — llIq)T'^^~'^ 
and to [lo + wo)^^^^ respectively. The current becomes positive (enhancement of the total current) for uj > wqi 
X / - \l/(2-2g) 

r < {uj +ujq) I 1 . As T ^ Lu,V the dependence of the backscattering current on lu drops out. The latter 

turns out to be always negative: /bs ~ —ujoT^^~'^. 

There is also an ac contribution of frequency 2uj to the current. At T = it reads as follows 

/ae(0= (-^] T{1 -2g)T^3 cosing + 2ujt) simrgiiLO - LOof!'-^ -{LO + UJof<'-^],uj>LOo; (10) 

\VfTcJ 

I^^{t) = - (-^\ r(l - 2g)Tf9sin7rg[cos(2wt- 7rg)(wo - w)^^"^ + cos{2ujt + TTg){uj + uJof'^-^],uj < wq. (11) 

\VFTcJ 

A possible experimental realization of our model is a Hall bar with a constriction j2^ . The role of the backscattering 
impurity is played by the constriction that gives rise to weak tunneling of quasiparticles between the two edges. The 
tunneling amplitude can then be made time-dependent by application of a time-dependent gate voltage. If the system 
is tuned such that it is close to a resonance Q then it can be described by the Lagrangian (|^) with W{t) — U cos Lut. 
In the absence of tuning a static contribution Wq should be added to W{t). Still if the inter-edge tunneling is weak 
and UJ is greater than the product of the voltage difference between the edges and the quasiparticle charge, we expect 
an enhancement of the Hall current in the FQHE (at filling factors g = l/(2n -1-1)) as compared with the absence 
of a time-dependent perturbation both at Wq > W and Wq < W. On the other hand, the time-dependent tunneling 
decreases the current in IQHE where the filling factor g = 1. 
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A more general question concerns the effect of external noise on the quantum wire. One can consider the tunneling 
ampHtude W{t) = J duj[U' cos tot + U"uiSmujt], where ((J/'o;)^) = {{U"^)^) = S{cu) is the spectral function of the 
noise. The simplest realization of a random W{t) are thermal fluctuations of the gate voltage in the set-up discussed in 
the previous paragraph. Another related problem is the effect of the irradiation by phonons. The total backscattering 
current can be obtained from Eqs. integrating over to and substituting 2S{uj) for U'^. Note that for white 

noise, S{uj) = const, the backscattering current calculated in such way vanishes at g < 1/2. Note however, that a 
mathematically ideal white noise consists of frequencies which are higher than the Fermi energy. At such frequencies 
an approach based on the Luttinger model cannot be used. 

In conclusion, we have found that backscattering off a point impurity can increase the conductance of a quantum 
wire. This is a manifestation of the strong electron-electron interaction as the Luttinger liquid parameter g < 1/2. 

We thank B.L. Altshuler, A.M. Finkelstein, Y. Levinson and Y. Oreg for useful discussions. DEF acknowledges the 
support by the Koshland fellowship and RFBR grant 00-02-17763. This research was supported by GIF foundation, 
the US-Israel Bilateral Foundation, the ISF of the Israel Academy (Center of Excellence), and by the DIP Foundation. 
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FIG. 1. Right-moving electrons with Fermi energy -Efr, = /ir, = and left-moving electrons with Fermi energy 
i^FL = jtiL = eV are backscattered off the time-dependent impurity W{t) via and processes in which the electrons 
gain or lose an energy quantum fiuj. 
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FIG. 2. Qualitative dependence of the backscattering contribution 7dc to the dc-current on the frequency oj aX, g < 1/2. 
Wo = eV/%, where V is the applied voltage. Note that 7dc > as a; > wo (total current enhanced). Our approach based on the 
lowest order of the perturbation theory is insufficient for the region w « wq. 
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